A set-indexer of a graph G is an assignment of distinct subsets of a finite set X n of n elements to the vertices of the graph, where the edge values are obtained as the symmetric differences of the set assigned to their end vertices which are also distinct. A set-indexer is called set-sequential if sets on the vertices and edges are distinct and together form the set of all nonempty subsets of X n . A set-indexer called set-graceful if all the nonempty subsets of X n are obtained on the edges. A graph is called set-sequential(set-graceful) if it admits a set-sequential(set-graceful) set-indexer. In the recent literature the notion of set-indexer has appeared as set-coloring. While obtaining in general a 'good' characterization of a set-sequential (set-graceful) graphs remains a formidable open problem ever since the notion was introduced by Acharya in 1983, it becomes imperative to recognize graphs which are set-sequential (set-graceful). In particular, the problem of characterizing set-sequential trees was raised raised by Acharya in 2010. In this article we completely characterize the set-sequential caterpillars of diameter five.
Introduction
For all terminology and notation in graph theory, not defined specifically in this paper, we refer the reader to Harary [1] . All the graphs considered in this article are simple, loop-free and finite. Let G = (V, E) be a graph and X n = {x 1 , x 2 , . . . , x n } be a set of cardinality n. A function f : V ∪ E → Y (X n ) is called a set-sequential labeling [2] of G if it is a bijection and for all uv ∈ E, f (u) ⊕ f (v) = f (uv), where Y (X n ) = P(X n ) − { / 0} is the collection of all the non empty subsets of X n and "⊕" denotes the symmetric difference of the sets. A graph is hence called set-sequential if it admits a set-sequential labeling with respect to some 'ground set' X n . Acharya viewed the notion of set-sequential graphs [10] as a set analogue of the well known sequential graphs, which was independently introduced and studied by Acharya [3] and Slater [4] . An injective function f : V → P(X n ) is called a set-graceful labeling [2] of G if the induced edge function f ⊕ : E → Y (X n ) is a bijection and, G is set-graceful if it admits a set-graceful labeling. Acharya [2] viewed the notion of set-graceful graphs as a set analogue of the well known graceful graphs, which was introduced by Rosa [5] . In the recent literature the notion of set-sequential and set-graceful labeling has been studied by Hegde [6] , P. N. Balister et.al, [8] and J.P. Boutin et.al, [9] using the term strong set-coloring and proper set-coloring. However we would follow the terminology used by Acharya in [2] since in a "coloring" two vertices can receive the same color whereas a set-sequential labeling assign distinct subsets of X to the vertices of G. In [10] , it has been shown that for any (p, q)-graph G, the condition that p + q = 2 n − 1 for some positive integer
New Result
A caterpillar is a tree with the property that the removal of its end vertices leaves a path, we characterize setsequential caterpillars of diameter five. Set-sequential caterpillars up to diameter four has been reported to be characterized in [14] , [15] . But before we proceed any further we make the following conventions: by T [a, b, c, d] we would mean a caterpillar whose underlying path is P = [u, v, w, z] Proof. The proof follows from Theorem 1.2 read with Acharya-Hegde's necessary condition for a set-sequential labeling and the fundamental theorem of graph theory.
As the Proposition 2.1 suggests all the internal vertices of a set-sequential caterpillar of diameter five must be odd, however it's converse is not true as the caterpillar T [3, 3, 3, 3] shown in the figure 1 satisfies the condition of the proposition but is seen not to be set-sequential as it fails to satisfy Acharya-Hegde's necessary condition for a setsequential labeling. Hence it becomes imperative to recognize the set-sequential caterpillars T [a, b, c, d] . We would require the following terminology and notions which would smoothen our presentation. Let S o (n, 4) denote the set of all the 4-decompositions of an integer n into odd parts > 1. Where decomposition [17] is an order dependent partition of an integer n. Example 2.1. (3, 3, 3, 9) , (3, 3, 5, 7) , (3, 3, 7, 5) , (3, 3, 9, 3) , (3, 5, 3, 7) , (3, 5, 5, 5) , (3, 5, 7, 3) , (3, 7, 3, 5) , (5, 3, 3, 7) , (5, 3, 5, 5) , (9, 3, 3, 3) , (7, 5, 3, 3) , (5, 7, 3, 3) , (3, 9, 3, 3) , (7, 3, 5, 3) , (5, 5, 5, 3) , (3, 7, 5, 3) , (5, 3, 7, 3) , (7, 3, 3, 5) , (5, 5, 3, 5) }.
Also we would be representing the order independent partition of an integer n by set notation, thus the set of order independent 4-partition of 18 in the example 2.1 is {{3, 3, 3, 9}, {3, 3, 5, 7}, {3, 5, 5, 5}}. We say that S o (n, 4) generates
for some r > 0 and some (y 1 , y 2 , y 3 , y 4 ) ∈ S o (n, 4). Using techniques similar the one used in [15] the following can be shown. Each of them contains 2 1+3 − 4 = 12 pendant vertices. All the caterpillars T 1 i 's, 1 ≤ i ≤ 10 are seen to be setsequential with respect to set X 5 = {x 1 , x 2 , x 3 , x 4 } ∪ {x 5 } as shown in the tables 2 -4. Thus the result is true for n = 1. [7, 7, 7 , 13] (7, 7, 9, 11) or (11, 9, 7, 7)
T 2 141 [7, 7, 9, 11] (7, 7, 11, 9) or (9, 11, 7, 7) T 2 142 [7, 7, 11, 9] T 2 145 [7, 9, 5, 13] (7, 9, 7, 11) or (11, 7, 9, 7) T 2 146 [7, 9, 7, 11] (7, 9, 9, 9) or (9, 9, 9, 7)
T 2 147 [7, 9, 9, 9] (7, 9, 11, 7) or (7, 11, 9, 7) T 2 148 [7, 9, 11, 7] (7, 11, 3, 13) or (13, 3, 11, 7 (9, 3, 3, 19) or (19, 3, 3, 9 (9, 3, 7, 15) or (15, 7, 3, 9) T 2 157 [9, 3, 7, 15] (9, 3, 9, 13) or (13, 9, 3, 9) T 2 158 [9, 3, 9, 13] (9, 3, 11, 11) or (11, 11, 3, 9 (13, 5, 7, 9) T 2 167 [9, 7, 5, 13] (9, 7, 7, 11) or (11, 7, 7, 9) T 2 168 [9, 7, 7, 11] (9, 7, 9, 9) or (9, 9, 7, 9) T 2 169 [9, 7, 9, 9] (9, 9, 3, 13) or (13, 3, 9, 9) T 2 170 [9, 9, 3, 13] (9, 9, 5, 11) or (11, 5, 9, 9) T 2 171 [9, 9, 5, 11] (9, 11, 3, 11) or (11, 3, 11, 9) We shall now show that T 2 j is set-sequential with respect to X 6 = X 5 ∪ {x 6 }. i , without loss of generality let it be adjacent to u, where f 2 (u) = f 1 (u) = {x 1 }. T 1 i being set-sequential with respect to X 5 , to show that T 2 j which is obtained making 16 isolated vertices adjacent to the internal vertex u of T 1 i is also set-sequential with respect to X 6 = X 5 ∪ {x 6 }, it is enough to show that the unlabeled 16 vertices adjacent to u can be assigned the subsets of P(X 6 ) − P(X 5 ) in an injective manner so that edges adjacent to them receives distinct elements of P(X 6 ) − P(X 5 ) as the symmetric difference of its end vertices. Let M = P(X 6 ) − P(X 5 ), then |M| = 2 5 and there are exactly 2 4 subsets of X 6 in M which contains x 1 and exactly 2 4 subsets of X 6 in M which does not contains x 1 . Thus M can be partitioned into two classes A and B such that A contains all the subsets of X 6 in M which contains x 1 and B contains all the subsets of X 6 in M which does not contains x 1 , hence |A| = |B| = 2 4 . By assigning all the 2 4 elements of B to the 16 = 2 4 unlabeled pendant vertices adjacent to u in T 2 j in one-to-one manner, T 2 j is seen to be set-sequential. Similar argument follows for the case when T 2 j is obtained from a set-sequentially i , where f 2 (w) = f 1 (w) = {x 3 } and f 2 (z) = f 1 (z) = {x 4 }. These 8 new pendant vertices can be partitioned into 2 copies, each of which contains four vertices. Let C l and C ′ l respectively denote the partition of 8 new pendant vertices adjacent to w and z each containing four vertices, where 1 ≤ l ≤ 2. To show that the unlabeled 8 new pendant vertices adjacent to w and z can be assigned the subsets of P(X 6 ) − P(X 5 ) in an injective manner so that edges adjacent to them receives distinct elements of P(X 6 ) − P(X 5 ) as the symmetric difference of its end vertices, consider
For each partition C l of vertices adjacent to w we make the following assignment:
and for each partition C ′ l of vertices adjacent to z we make the following assignment:
Clearly the assignment defined above is injective and is a set-sequential labeling of T 2 j with respect to X 6 , when T 2 j is obtained by making 8 isolated vertices adjacent to w and z of a set-sequentially labeled T 1 i . For the case when T 2 j is obtained by making 8 isolated vertices adjacent to the internal vertices u and v of a set-sequentially labeled T 1 i , in the assignment described as above considering the permutation (x 3 , x 4 , x 2 , x 1 ), for the case when T 2 j is obtained by making 8 isolated vertices adjacent to the internal vertices u and w of a set-sequentially labeled T 1 i , in the assignment described as above considering the permutation (x 2 , x 4 , x 3 , x 1 ), for the case when T 2 j is obtained by making 8 isolated vertices adjacent to the internal vertices u and z of a set-sequentially labeled T 1 i , in the assignment described as above considering the permutation (x 2 , x 3 , x 1 , x 4 ), for the case when T 2 j is obtained by making 8 isolated vertices adjacent to the internal vertices v and w of a set-sequentially labeled T 1 i , considering the permutation (x 4 , x 1 , x 3 , x 2 ), in the assignment described as above finally, when T 2 j is obtained by making 8 isolated vertices adjacent to the internal vertices v and z of a set-sequentially labeled T 1 i , considering the permutation (x 2 , x 3 , x 1 , x 4 ), in the assignment described as above we get a set-sequential labeling of T 2 j . Thus in either of the cases T 2 j is seen to be set-sequential. set-graceful if and only if (a, b, c, d ) ∈ S o (2 n+3 + 2, 4) for some n ≥ 1.
